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Abstract

This paper considers the problem of the transverse vibrations of a beam induced by a mobile heat source.
The formulation of the problem is based on the differential equations of heat conduction and transverse
vibrations of the beam, which are complemented by suitable initial and boundary conditions. The effect of
internal and external damping on the vibrations of the beam is considered. The solution to the problem in
analytical form is obtained by using the properties of the Green functions. A time partitioning method has
been used to avoid the difficulties associated with the slow convergence of the series occurring in the
solution to the heat conduction problem. The numerical results of the thermally induced vibration of the
beam are presented.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Changes in the temperature of a beam produce thermal stresses, which cause displacements of
the beam. Cyclic changes in the temperature of the beam induce transverse vibrations. The
problem of thermally induced vibrations of beams has been considered by Yu [1], Boley [2,3],
Manolis and Beskos [4] and Kidawa-Kukla [5].
Yu [1] extensively explored the problem of thermal flutter of a spacecraft boom. In that paper,

the author studied the effect of viscoelastic damping and a viscous fluid damper on the stability of
the boom’s motion. The vibrations of a simply supported, rectangular beam, subjected to a
suddenly applied heat input distributed along its span, were analyzed by Boley [3]. Manolis and
Beskos [4] examined thermally induced vibrations of structures composed of beams, exposed to
rapid surface heating. The authors have also studied the effects of damping and of axial loads on
the structural response. Kidawa-Kukla [5] presented a solution to the problem of thermally
induced vibration of a simply supported beam. In that paper the temperature of the beam changes
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as a result of heating by a laser beam. The analytical form of the solution was obtained by using
the properties of the Green functions. The application of the Green function method for heat
conduction problems is presented by Beck et al. [6]. A time partitioning method is introduced to
improve the evaluation of the Green function solutions. The thermally induced displacement and
stresses of a rod are investigated by Al-Huniti et al. [7]. The problem is solved by using the
Laplace transformation technique.
In this paper the problem of transverse vibrations of a beam induced by a mobile heat source is

considered. The effects of internal as well as external damping on the vibrations have been taken
into account. The problem is solved by using the properties of the Green functions. The
temperature distribution in the beam is obtained by applying time partitioning to the Green
function method.

2. Problem formulation

Consider a uniform beam of length L; with a rectangular cross-section of width b and height h
as shown in Fig. 1. The differential equation of thermally induced lateral vibration of the beam
with internal and external damping may be written in the form

EI
@4v

@x4
þ f

@5v

@x4@t

� �
þ cd

@v

@t
þ r

@2v

@t2
¼ Qðx; tÞ; ð1Þ

where EI is the bending rigidity, r is the mass per unit length of the beam, v is the lateral beam
deflection, f is the internal damping coefficient of the beam material, cd is the external damping
coefficient, x is the distance along the length of the beam and t denotes time. The transverse
vibrations of the beam are induced by the thermal load

Qðx; tÞ ¼ abE

Z h

0

y �
h

2

� �
@2Tðx; y; tÞ

@x2
dy; ð2Þ
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Fig. 1. The beam model considered.
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where a is the coefficient of thermal expansion, E is Young’s modulus, Tðx; y; tÞ is the temperature
distribution in the beam. Eq. (1) is complemented by the zero-value initial conditions

vðx; 0Þ ¼
@v

@t
ðx; 0Þ ¼ 0 ð3Þ

and the boundary conditions corresponding to the simply supported beam

vð0; tÞ ¼ vðL; tÞ ¼ 0;
@2v

@x2
ð0; tÞ ¼

@2v

@x2
ðL; tÞ ¼ 0: ð4Þ

The temperature distribution in the beam is described by the differential equation of heat
conduction, which takes into account the activity of the heat source

r2T þ
1

l
gðx; y; tÞ ¼

1

k
@T

@t
; ð5Þ

where r2 � ð@2=@x2Þ þ ð@2=@y2Þ is the Laplace’s operator, l is the thermal conductivity, k is the
thermal diffusivity. The term gðx; y; tÞ represents the volume energy generation

gðx; y; tÞ ¼
y
2e
dðyÞ for %xðtÞ � eoxo %xðtÞ þ e;

0; otherwise;

8<
: ð6Þ

where y characterizes the stream of heat, dð�Þ is the Dirac delta function and 2e is the width of the
element on the surface of the beam heated by the heat source.
The heat source moves harmonically over a fixed point on the beam and always remains within

the length of the beam. The function %xðtÞ describes the movement of the heat source

%xðtÞ ¼ x0 þ A sin jt; ð7Þ

where A þ eox0oL � A � e:
The temperature distribution in the beam is obtained as a solution to Eq. (5) with the following

initial and boundary conditions:

Tðx; y; 0Þ ¼ Ti; ð8Þ

Tð0; y; tÞ ¼ TðL; y; tÞ ¼ 0; ð9Þ

l
@T

@y
ðx; 0; tÞ ¼ �%a0½T0 � Tðx; 0; tÞ
; ð10Þ

l
@T

@y
ðx; h; tÞ ¼ %a1½T1 � Tðx; h; tÞ
; ð11Þ

where %a0; %a1 are the heat transfer coefficients, Ti is the initial temperature, T0 and T1 are the
temperatures of the surrounding medium.
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3. Solution to the problem

3.1. Temperature distribution in the beam

The solution to the problem is obtained by using the properties of the Green functions. The
Green function of the heat conduction problem GT describes the temperature distribution induced
by the temporary, local energy impulse. The function is a solution to the differential equation

kr2GT þ
@GT

@t
¼ �dðx � xÞdðy � ZÞdðt � tÞ: ð12Þ

It is assumed that the Green function satisfies the same boundary conditions as the temperature
function (Eqs. (9)–(11)).
The temperature distribution Tðx; y; tÞ is expressed by the Green function GT as follows:

Tðx; y; tÞ ¼
yk
2el

Z t

0

Z %xðtÞþe

%xðtÞ�e
GT ðx; y; t; x; 0; tÞ dx dtþ Ti

Z x¼L

x¼0
dx

Z Z¼L

Z¼0
GT ðx; y; t; x; Z; 0Þ dZ

þ k
Z t¼tþe

t¼0
dt

Z x¼L

x¼0
dx m0T0GT ðx; y; t; x; 0; tÞ þ m1T1GT ðx; y; t; x; h; tÞ

	 

; ð13Þ

where m0 ¼ %a0=l; m1 ¼ %a1=l:
The integrals in Eq. (13) are then expressed by infinite series. To avoid the difficulties associated

with the slow convergence of these series the time partitioning method has been used [6]. In this
method, the time interval ð0; tÞ is divided into two intervals: ð0; t � DtÞ and ðt � Dt; tÞ; where
0oDtot: The Green functions of the heat conduction problem for a small-time GS

T and for a
large-time GL

T are distinguished. For clarity, the method will be presented below using as an
example the first integral occurring on the right-hand of Eq. (13).
The function T may be written in the form

Tðx; y; tÞ ¼ TSðx; y; tÞ þ TLðx; y; tÞ; ð14Þ

where

TSðx; y; tÞ ¼
yk
2el

Z t

t�Dt

Z %xðtÞþe

%xðtÞ�e
Gs

T ðx; y; x; 0; t � tÞ dx dt; ð15Þ

TLðx; y; tÞ ¼
yk
2el

Z t�Dt

0

Z %xðtÞþe

%xðtÞ�e
GL

T ðx; y; x; 0; t � tÞ dx dt: ð16Þ

The function GL
T reads [8]

GL
T ðx; y; x; Z; t � tÞ ¼

4

hL

XN
m¼1

XN
n¼1

1

q2n
sin amx sin amxCnðyÞCnðZÞ expð�gmnðt � tÞÞ; ð17Þ

where

am ¼ mp=L; gmn ¼ k½a2m þ b2n
; q2n ¼ m20 þ b2n þ
ðm0 þ m1Þ

h

ðm0m1 þ b2nÞ

ðm21 þ b2nÞ
;

CnðyÞ ¼ bn cos bny þ m0 sin bny for m; n ¼ 1; 2;y
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and bn are roots of the equation

m20 � b2n þ ðm0 þ m1Þbn ctg bnh ¼ 0: ð18Þ

Substituting the Green function (17) into Eq. (16) gives

TLðx; y; tÞ ¼
8yk
hLl

XN
m¼1

XN
n¼1

DT
mnðtÞ

bn

q2n

sin ame
ame

CnðyÞ sin amx; ð19Þ

where

DT
mn ¼

1

2

Z t�Dt

0

exp½�gmnðt � tÞ
 sin ½amðx0 þ A sin jtÞ
 dt: ð20Þ

Integral (20) is evaluated by using the following relationships [9]:

cosðr sin uÞ ¼ 2
XN
i¼0

wiJ2iðrÞ cos 2iu; ð21Þ

sinðr sin uÞ ¼ 2
XN
i¼0

J2iþ1ðrÞsinð2i þ 1Þu; ð22Þ

where w0 ¼ 0:5; wi ¼ 1 for i ¼ 1; 2, y and Jnð�Þ denotes the Bessel function of the first kind of
order n: Finally, Eq. (20) can be written in the form

DT
mnðtÞ ¼ sin amx0

XN
i¼0

wiJ2iðAamÞ
1

g2mn þ 4i2j2
UT

imnðtÞ

þ cos amx0
XN
i¼0

J2iþ1ðAamÞ
1

g2mn þ ð2i þ 1Þ2j2
W T

imnðtÞ; ð23Þ

where

UT
imnðtÞ ¼ ½2ij sin 2iðt � DtÞjþ gmn cos 2iðt � DtÞj
e�gmnDt � gmne

�gmnt; ð24Þ

W T
imnðtÞ ¼ ½gmn sin ð2i þ 1Þðt � DtÞj� ð2i þ 1Þj cos ð2i þ 1Þðt � DtÞj
e�gmnDt

þ ð2i þ 1Þje�gmnt: ð25Þ

The Green function GS
T for the small time may be written in the form [6]

Gs
T ðx; y; x; Z; t � tÞEGs

11ðx; x; t � tÞGs
33ðy; Z; t � tÞ; ð26Þ

where

Gs
11ðx; x; t � tÞE

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pk t � tð Þ

p exp �
ðx � xÞ2

4kðt � tÞ

� �
� exp �

ðx þ xÞ2

4kðt � tÞ

� ��
�exp �

ð2L � x � xÞ2

4kðt � tÞ

� ��
ð27Þ
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and

Gs
33ðy; Z; t � tÞE

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pkðt � tÞ

p exp �
ðy � ZÞ2

4kðt � tÞ

� �
þ exp �

ðy þ ZÞ2

4kðt � tÞ

� ��
þexp �

ð2h � y � ZÞ2

4kðt � tÞ

� ��

�
%a0
l
exp

ðy þ ZÞ%a0
l

þ
%a20kðt � tÞ

l2

� �
erfc

y þ Z

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p þ
%a0
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p( )

�
%a1
l
exp

ð2h � y � ZÞ%a1
l

þ
%a21kðt � tÞ

l2

� �
erfc

2h � y � Z

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p þ
%a1
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p( )
: ð28Þ

Substituting the Green functions (27–28) into Eqs. (26) and (15), the function TSðx; y; tÞ is
expressed as

TSðx; y; tÞ ¼
yk
2el

Z t

t�Dt

Gs
33ðy; 0; t � tÞ Kðx; t; tÞ dt; ð29Þ

where

Kðx; t; tÞ ¼
Z %xðtÞþe

%xðtÞ�e
Gs11ðx; x; t � tÞ dx ¼

1

2
erf

x � %xðtÞ þ e

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p
" #

� erf
x � %xðtÞ � e

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p
" #(

:

� erf
x þ %xðtÞ þ e

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p
" #

þ erf
x þ %xðtÞ � e

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p
" #

�erf
2L � x � %xðtÞ þ e

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p
" #

þ erf
2L � x � %xðtÞ � e

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðt � tÞ

p
" #)

: ð30Þ

The integral in Eq. (29) is then calculated numerically.

3.2. Transverse vibrations of the beam

The problem of vibrations of the beam is solved by using the Green function GV ; which is a
solution to the equation

EI
@4Gv

@x4
þ f

@5Gv

@x4@t

� �
þ cd

@Gv

@t
þ r

@2Gv

@t2
¼ dðx � xÞdðt � tÞ ð31Þ

and satisfies initial and boundary conditions analogous to the displacement function
(Eqs. (3)–(4)). If function GV is known, then function vðx; tÞ may be written in the form

vðx; tÞ ¼
Z t

0

Z L

0

Qðx; tÞGvðx; x; t � tÞ dx dt: ð32Þ

Function Qðx; tÞ is found by substituting the function given by Eq. (13) into Eq. (2), where
GT ðx; y; t; x; Z; tÞ ¼ GL

T ðx; y; x; Z; t � tÞ:
The Green function GV may be written in the form of a sine series [5]

Gvðx; t; x; tÞ ¼
2

rL

XN
m¼1

wmðt; tÞ sin
mpx

L
sin

mpx
L

; ð33Þ
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where functions wmðt; tÞ are obtained as solutions to the equation

.wm þ ðgþ o2mf Þ ’wm þ o2mwm ¼ dðt � tÞ: ð34Þ

Finally, the Green function has the form [10]

Gvðx; x; t � tÞ ¼
2

rL
Hðt � tÞ

XN
m¼1

Ymðt � tÞe�zmðt�tÞ sin amx sin amx; ð35Þ

where

YmðuÞ ¼

1

Om

sinOmu; Do0;

u; D ¼ 0;
1

Om

sinh %Omu; D > 0

8>>>>><
>>>>>:

ð36Þ

and D ¼ 4ðz2m � o2mÞ; Om ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2m � z2m

q
; %Om ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2m � o2m

q
; zm ¼ 1

2ðnþ o2mf Þ; om ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEI=rÞ

p
a2m; n ¼

cd=r; Hð�Þ denotes the Heaviside function.
On the basis of Eq. (32), the deflection of the beam is expressed as

vðx; tÞ ¼
8Ehaky
lerL

XN
m¼1

XN
n¼1

BnDv
mnðtÞ

am

q2n
sin ame sin amx; ð37Þ

where

Bn ¼
m0
bn

þ
bnh

2

� �
sin bnh �

m0h
2

þ 1þ
m0h
2

� 1
� �

cos bnh

� �
; ð38Þ

Dv
mnðtÞ ¼

Z t

0

DT
mnðtÞYmðt � tÞe�zmðt�tÞ dt

¼ sin amx0
XN
i¼0

wiJ2iðAamÞ
1

g2mn þ 4i2j2
Uv

imnðtÞ

þ cos amx0
XN
i¼0

J2iþ1ðAamÞ
1

g2mn þ ð2i þ 1Þ2j2
W v

imnðtÞ ð39Þ

and

Uv
imnðtÞ ¼

Z t

0

UT
imnðtÞYmðt � tÞe�zmðt�tÞ dt; ð40Þ

W v
imnðtÞ ¼

Z t

0

W T
imnðtÞYmðt � tÞe�zmðt�tÞ dt: ð41Þ

The integrals in Eqs. (40) and (41) are evaluated for three cases depending on the form of function
Ym given by Eq. (36). Functions Uv

imnðtÞ and W v
imnðtÞ are given in the appendix.

In the case of the system without internal and external damping (n ¼ f ¼ 0), the integrals in
Eqs. (40) and (41) assume a particular form. Namely, if zm ¼ 0 and om ¼ 2ij for any natural

J. Kidawa-Kukla / Journal of Sound and Vibration 262 (2003) 865–876 871



numbers ‘i’ and ‘m’, then the function Uv
imnðtÞ is given as follows:

Uv
imnðtÞ ¼

Z t

0

UT
imnðtÞ Ymðt � tÞ dt ¼

t

2
cosomt �

gmn

om

sinomt

� �

þ
1

g2mn þ o2m
gmn cosomt �

g2mn � o2m
2om

sinomt � gmn expð�gmntÞ
� �

: ð42Þ

Similarly, if zm ¼ 0 and om ¼ ð2i þ 1Þj for any numbers ‘i’ and ‘m’, then the functionW v
imnðtÞ has

the form

W v
imnðtÞ ¼

Z t

0

W T
imnðtÞYmðt � tÞ dt ¼ �

t

2om

gmn

om

cosomt þ sinomt

� �

þ
1

g2mn þ o2m
�cosomt þ

gmnðg
2
mn þ 3o

2
mÞ

2o3m
sinomt þ expð�gmntÞ

� �
: ð43Þ

It follows that functions Uv
imnðtÞ and W v

imnðtÞ include terms whose amplitude of oscillations
increases with time t: This means that one member of series (37) has increasing oscillations. Hence,
it results that in the case of the system without damping, the amplitude of beam vibration may
increase with time t: It follows that resonance may occur in the system.

4. Numerical examples

A uniform, simply supported rectangular beam and a heat source which changes its position
over point x0 ¼ 0:5L; according to Eq. (7) are considered. The numerical calculations are
performed for both a steel and an aluminum beam. The following numerical data was assumed:

* for the steel beam: E ¼ 2� 1011 (N/m2), r ¼ 3:12 (kg/m), c ¼ 510 (J/(kgK)), l ¼ 51:4 (W/
(mK)), a ¼ 1:25�10�7 (1/K);

* for the aluminum beam: E ¼ 7�109 (N/m2), r ¼ 1:08 (kg/m), c ¼ 896 (J/(kgK)), l ¼ 229 (W/
(m K)), a ¼ 2:37� 10�7 (1/K).

Moreover, for both beams it was assumed that: L ¼ 1:0 (m), b ¼ h ¼ 0:02 (m), A ¼ 0:3 (m),
e ¼ 0:001 (m), %a0 ¼ %a1 ¼ 100 (W/(m

2K)), y ¼ 50; 000 (W/m), T0 ¼ T1 ¼ 01C:
The numerical investigations of the effect of internal damping on the displacement of the beam

for short- and long-time periods for both the steel and the aluminum beam (without external
damping) were done by assuming j ¼ 0:5; o1 ¼ 0:5ðp=LÞ2

ffiffiffiffiffiffiffiffiffiffiffi
EI=r

p
: In this case, condition o1 ¼ 2j

is satisfied and for f ¼ 0 Eqs. (37)–(39) and (42) are used to calculate the displacement. This
means, that the amplitude of the vibrations increases with time (resonance case). In Figs. 2 and 3
the time histories of the displacements of the mid-point of the beam without internal damping
(solid line) and with internal damping (dashed line) are shown. The numerical calculations
demonstrate the inconspicuous influence of the internal damping on the vibration amplitude of
the beam at the beginning of the process. The effect of the internal damping on the amplitude of
the beam vibration is significant in the resonance case as a considerable decrease in the beam
vibration amplitude is observed.
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In Fig. 4, the displacement of the mid-point of the beam for j ¼ 0:2p is presented (vibration of
the beam without internal damping). In this case, the mobile heat source induced periodic
vibrations of the beam. The calculations are performed for the external damping coefficient n ¼ 0
(solid line) and n ¼ 5�104 (kg/(m s)) (dashed line). Fig. 4a shows the displacement for a short-
time period and Fig. 4b shows the displacement for a long-time period. The vibration of the beam
reaches a steady state soon after the beginning of the process. It is seen from the results that the
external damping causes a significant decrease in the vibration amplitude of the aluminum beam,
but only a slight decrease in the vibration amplitude of the steel beam.

5. Conclusions

The problem of thermally induced vibration of a beam has been considered. The temperature
distribution and transverse vibration of the beam in analytical form are obtained by using the

0.00 0.05 0.10 0.15 0.20 0.25

t [s]
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v 
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-1E-3

0

1E-3

2E-3

v 
[m

]

(a) (b)

Fig. 2. Time histories of the displacements of the mid-point of the steel beam for j ¼ 0:5o1 without damping (solid
line) and with internal damping, f ¼ 10�5 (s) (dashed line); (a) displacement at the beginning of the process and
(b) displacement after 10 s.
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Fig. 3. Time histories of the displacements of the mid-point of the aluminum beam for j ¼ 0:5o1 without damping
(solid line) and with internal damping, f ¼ 10�4 (s) (dashed line); (a) displacement at the beginning of the process and
(b) displacement after 10 s.
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properties of the Green functions. The solution to the problem is expressed by infinite series. The
time partitioning method has been used to avoid the difficulties associated with the slow
convergence of the series. The Green functions of the heat conduction problem are distinguished
for a small time and a large time.
The presented formulation and solution of the vibration problem take into consideration the

external damping and internal damping of the beam material. It follows from the solution of the
problem that the amplitude of the beam vibration may increase with time. Such a situation
happens in the case of vibration without damping, if one eigenfrequency of the beam is a multiple
of the harmonic motion frequency of the heat source.
Numerical calculations performed for the steel and aluminum beams show that the vibration

amplitude of the aluminum beam is significantly greater than the vibration amplitude of the steel
beam. The effect of the internal damping on the vibration amplitude at the beginning of the
process is inconspicuous. In the resonance case the internal damping of the material significantly
decreases the amplitude of the steady state vibration. The external damping causes a significant
decrease in the vibration amplitude of the aluminum beam, but only a slight decrease in the
vibration amplitude of the steel beam.

Appendix

The integrals in Eqs. (40) and (41) may be evaluated for three different cases depending on the
sign of expression D ¼ 4ðz2m � o2mÞ: The results below concern these three cases except the one
given in Section 3 of this paper.

Case 1: Do0; Ymðt � tÞ ¼ 1=Om sinOmðt � tÞ

Uv
imnðtÞ ¼

Z t

0

UT
imnðtÞYmðt � tÞe�zmðt�tÞ dt

1E-3

8E-4

6E-4

4E-4

2E-4

0

v 
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]
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8E-4

6E-4

4E-4
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v 
[m

]
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t [s] t [s](a) (b)

1

2

1

2

Fig. 4. Time histories of the displacements of the mid-point of the beam for j ¼ 0:2p without damping (solid line) and
with external damping n ¼ 5� 104 (kg/ms) (dashed line), 1—the steel beam, 2—the aluminum beam; (a) displacement
at the beginning of the process and (b) displacement after 1000 s.
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¼
1

M1
A1 cos 2ijt þ A2 sin 2ijt½ 


þ
ð2ijÞ2 þ g2mn

M1M2
A3 cosOmt þ A4

sinOmt

Om

� �
e�zmt �

gmn

M2
e�gmnt; ðA:1Þ

W v
imnðtÞ ¼

Z t

0

W T
imnðtÞYmðt � tÞe�zmðt�tÞ dt

¼
1

%M1

½B1 cos ð2i þ 1Þjt þ B2 sinð2i þ 1Þjt


þ
ð2i þ 1Þj
%M1M2

B3 cosOmt þ B4
sinOmt

Om

� �
e�zmt

�
ð2i þ 1Þj

M2
e�gmnt; ðA:2Þ

Case 2: D ¼ 0 (om ¼ zm), Ymðt � tÞ ¼ t � t

Uv
imnðtÞ ¼

1

M1
A1 cos 2ijt þ A2 sin 2ijt½ 
 þ

ð2ijÞ2 þ g2mn

M1M2
ðA3 þ A4tÞe�zmt �

gmn

M2
e�gmnt; ðA:3Þ

W v
imnðtÞ ¼

1

%M1

½B1 cosð2i þ 1Þjt þ B2 sinð2i þ 1Þjt


þ
ð2i þ 1Þj
%M1M2

½B3 þ B4t
e�zmt �
ð2i þ 1Þj

M2
e�gmnt: ðA:4Þ

Case 3: D > 0; Ymðt � tÞ ¼ 1=Om sinhOmðt � tÞ

Uv
imnðtÞ ¼

1

M1
½A1cos 2ijt þ A2 sin 2ijt


þ
ð2ijÞ2 þ g2mn

M1M2
A3 coshOmt þ A4

sinhOmt

Om

� �
e�zmt �

gmn

M2
e�gmnt; ðA:5Þ

W v
imnðtÞ ¼

1

%M1

½B1 cosð2i þ 1Þjt þ B2 sinð2i þ 1Þjt


þ
ð2i þ 1Þj
%M1M2

B3coshOmt þ B4
sinhOmt

Om

� �
e�zmt �

ð2i þ 1Þj
M2

e�gmnt: ðA:6Þ

where

A1 ¼ gmno
2
m � ðgmn þ 2zmÞð2ijÞ

2; A2 ¼ 2ij½o2m þ 2gmnzm � ð2ijÞ2
;

A3 ¼ gmnð2ijÞ
2 � ðgmn � 2zmÞo

2
m; A4 ¼ o2m½ð2ijÞ

2 � o2m þ zmð2zm � gmnÞ
 � ð2ijÞ2gmnzm;

B1 ¼ ð2i þ 1Þj½ð2i þ 1Þ2j2 � o2m � 2gmnzm
; B2 ¼ gmno
2
m � ð2i þ 1Þ2j2ðgmn þ 2zmÞ;

B3 ¼ ½ð2i þ 1Þ2j2 þ g2mn
½2zmðgmn � 2zmÞ � ð2i þ 1Þ2j2 þ o2m
;
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B4 ¼ ½ð2i þ 1Þ2j2 þ g2mn
fðgmn � zmÞ½ð2i þ 1Þ
2j2 þ 2z2m � o2m
 þ 2zmðo

2
m � z2mÞg;

M1 ¼ ½ð2ijÞ2 � o2m þ 2z2m

2 þ 4ðo2m � z2mÞz

2
m;

%M1 ¼ ½ð2i þ 1Þ2j2 � o2m þ 2z2m

2 þ 4ðo2m � z2mÞz

2
m;

M2 ¼ ðzm � gmnÞ
2 þ o2m � z2m:
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